We experimentally investigate three methods, utilizing different atomic observables and entangled states, to increase the sensitivity of rotation angle measurements beyond the "standard quantum limit" for nonentangled states. All methods use a form of quantum mechanical "squeezing." In a system of two entangled trapped 9 Be 1 ions we observe a reduction in uncertainty of rotation angle below the standard quantum limit for all three methods including all sources of noise. As an application, we demonstrate an increase in precision of frequency measurement in a Ramsey spectroscopy experiment. DOI: 10.1103/PhysRevLett.86.5870 PACS numbers: 42.50.Dv, 03.65.Ud, 32.80.Pj, 39.30.+w Entanglement has played an important role in elucidating fundamental, and sometimes apparently mysterious, aspects of quantum mechanics [1] . It is an integral part of quantum information processing [2] , where potential applications include efficient algorithms for problems that are computationally hard on classical computers. Entanglement can also provide increased sensitivity in quantumlimited measurements; here we report experimental measurements of rotation angle in an atomic ensemble where the observed uncertainty is smaller than can possibly be obtained without entanglement.
Entanglement has played an important role in elucidating fundamental, and sometimes apparently mysterious, aspects of quantum mechanics [1] . It is an integral part of quantum information processing [2] , where potential applications include efficient algorithms for problems that are computationally hard on classical computers. Entanglement can also provide increased sensitivity in quantumlimited measurements; here we report experimental measurements of rotation angle in an atomic ensemble where the observed uncertainty is smaller than can possibly be obtained without entanglement.
Generally, we assume a quantum system where an observableÕ depends on a system parameter z . Using measurements ofÕ͑z ͒ to determine z , the uncertainty in our determination of z for a single measurement is given by dz DÕ j≠͗Õ͘͞≠z j ,
where ͑DÕ͒ 2 ϵ ͗Õ 2 ͘ 2 ͗Õ͘ 2 is a measure of the rms fluctuations in repeated measurements ofÕ. The specific problem we investigate is efficient estimation of spin rotation angle. We consider a system of N spin-1͞2 particles with total angular momentum J P N i1 S i , where S i is the spin of the ith particle. For each spin, j#͘ i and j"͘ i are spin eigenstates with respect to a chosen axis. Rotations of the entire system are characterized by the operator R exp͑2iz J ?û͒ for z an angle andû the axis of rotation. To make the best estimate of z , we want to prepare an input state and choose an observableÕ that will minimize dz . This problem is analogous to measurements of path-dependent phase differences in a Mach-Zehnder interferometer [3] [4] [5] or transition frequencies in spectroscopy [6] [7] [8] .
For nonentangled spin-1͞2 particles, the states which minimize dz are (angular momentum) coherent states [9] . Coherent states can be obtained from the state jC 0 ͘ j#͘ 1 j#͘ 2 · · · j#͘ N jJ N͞2, m J 2N͞2͘ by an overall rotation. In this caseÕ J Ќ minimizes dz, whereJ Ќ is the angular momentum operator perpendicular to ͗J͘ in the plane of rotation (Fig. 1) . Then, dz DJ Ќ ͞j͗J͘j [10] . Assuming no additional sources of error, for coherent states we obtain dz dz c 1͞ p N, the standard quantum limit (SQL) [3] [4] [5] [6] [7] [8] .
We examine three proposed methods to reduce dz using entangled states. The first uses states well described by "spin squeezing" [3, 4, 6] , as depicted in Fig. 1b . Here, we takeÕ J Ќ and dz DJ Ќ ͞j͗J͘j as for coherent states. A second method [11] [12] [13] (a) For spins in a coherent state the uncertainty distribution of the perpendicular spin components DJ Ќ is uniform and forms a circle of radius p J͞2, whereas for entangled spins (b) the distribution of DJ Ќ can be "squeezed" in one direction, forming an ellipse. To measure DJ Ќ , we rotate the spin J into the x-y plane and measure DJ z , observing its oscillation with respect to the phase angle f. From this and the measured value of j͗J͘j we determine du (Fig. 2) . with two ions, we use each of these methods and measure a value of dz , dz c . We quantify these results with the parameter j R dz͞dz c [6] , related to the entanglement of the system [14] . The minimum possible value of j R is 1͞ p N (dz 1͞N), the Heisenberg limit [3] [4] [5] [6] [7] [8] . The experiments use two 9 Be 1 ions that are confined along the axis of a miniature linear radio frequency trap [15] . The spectrally resolved jF 1, m F 21͘ ϵ j"͘ and jF 2, m F 22͘ ϵ j#͘ 2 S 1͞2 ground-state hyperfine levels of 9 Be 1 form the basis of an effective spin-1͞2 system. Coherent superpositions between j#͘ and j"͘ are generated by laser-driven two-photon stimulated-Raman transitions [16] . Defining the quantization axis to be the z axis, these operations are equivalent to the spin rotation R forû in the x-y plane:
where f is the laser phase and u is proportional to the duration the laser pulses are applied (Fig. 1b) . Using stimulated-Raman transitions that couple to the ions' motion [17, 18] , we can also realize the entangling operation:
where a is proportional to the laser pulses' duration. At the end of each experiment, we detect the number of ions in the j#͘ or j"͘ state with state-sensitive fluorescence [19] . For spin squeezing, we take jC͘ with values of a fi Mp͞4 (M odd) in which case ͗J͘ ͗J z ͘ 2 cos͑2a͒ does not vanish. In the experiment, we extract ͗J͘ by applying the rotation of Eqs. (2), varying u, and recording ͗J z ͘ ("Rabi flopping"). In general DJ Ќ depends on f, as indicated in Fig. 1b . To determine DJ Ќ ͑f͒, we rotate jC͘ into the x-y plane by driving a " p͞2-pulse" on both ions [Eqs. (2) with u p͞2] and measure DJ z for different values of f. This operation preserves the expectation values of ͗J͘ and DJ Ќ in the rotated frame. Therefore we can regard the experiment as measuring the precision of
We performed experiments for several values of a, obtaining the highest sensitivity for a p͞10 (Fig. 2) . From the Rabi flopping curves we measure j͗J͘j to be 0.768 (2) 
The improvements in phase sensitivity over the SQL arise from spin squeezing. For angular momentum states, the uncertainty relation
2 j͗J k ͘j 2 allows for one of the variances ͑DJ i ͒ 2 to be reduced (squeezing) at the cost of ͑DJ j ͒ 2 increasing (antisqueezing). j͗J k ͘j must also shrink. The Hamiltonian H xJ [4] . The redistributed variances of the spins are indicated as an ellipse in Fig. 1b and allow us to obtain values of j R , 1 when DJ i shrinks more than j͗J k ͘j. Recently, observations of spin squeezing have been reported in Refs. [21] and [22] , but the results were not cast in terms of measured dz or j R ; therefore, a direct comparison is precluded.
For the maximally entangled state jC M ͘ ͑j##͘ 1 ij""͒͘͞ p 2 [a p͞4 in Eq. (3)], or the state jJ 1, m J 0͘, ͗J͘ 0 [23] so that the above method is experimentally inaccessible. In these cases, the parity operatorP or the varianceṼ can be used to increase the sensitivity of a phase measurement. For two ions, jJ 1, m J 0͘ ͑j#"͘ 1 j"#͒͘͞ p 2 can be obtained from jC M ͘ by a rotation [Eqs. (2) with u p͞2 and f p͞4].
For two ions, we haveṼ ͑1 1P͒͞2 2 ͗J z ͘ 2 , so that, except for an offset and scale factor, the measured values ofṼ andP are the same. Therefore we can explore the second and third methods cited in the introduction with the same experiment. Here, we cast the experiment in terms of jC M ͘ and the parity operatorP.
We view the experiment as performing a p͞2 rotation of the state jC M ͘ [Eqs. (2) with u p͞2] and desire to determine z f with maximum sensitivity. To do this, we prepare the state jC M ͘, perform a p͞2 rotation for various values of f, and measureP͑f͒, in which case df DP͞j≠͗P͘͞≠fj. The measurements are displayed in Fig. 3b . The amplitude of the observed sinusoidal oscillation is 0.845͑2͒ rather than the theoretical maximum of 1, due primarily to imperfections in state creation. Because of these imperfections, df also depends on f as shown in Fig. 3c . Ideally, we have df 1͞2 ͑j R 1͞ p 2 ͒, the Heisenberg limit, independent of f [8] . In the experiment, we observe df , df c for a limited range of f values. The minimal uncertainty observed is df 0.59͑1͒ , 1͞
Note that the period of the oscillation of ͗P͘ with respect to f is half (in general 1͞N [8] ) that of the period when the observable is J z (Fig. 1b) . This results in a relative increase in j≠͗Õ͘͞≠fj, which is the main reason we can find values of j R , 1. The analog of this experiment using entangled photon pairs has been reported in Ref. [24] .
These methods are of interest for improved frequency measurements [6, 8] . Here, we consider use of the parity operatorP in combination with maximally entangled states [8] . In Ramsey separated-field spectroscopy [25] , if the state after the first Ramsey pulse is of the form jC͘ ͓j#͘ 1 j#͘ 2 · · · j#͘ N 1 e ib j"͘ 1 j"͘ 2 · · · j"͘ N ͔͞ p 2, the transition frequency between the states j#͘ and j"͘ can be determined with a precision of d͑v 2 v 0 ͒ dz͞T 1͑͞NT ͒ [8] . In this expression, T is the time difference between the first and the second Ramsey pulse and d͑v 2 v 0 ͒ is the uncertainty in the measured frequency difference between the atoms' transition frequency v 0 and the frequency v of the applied radiation. Therefore, here phase sensitivity translates into frequency sensitivity through the relation dz d͑v 2 v 0 ͒T . The gain of a factor of 1͞ p N compared to spectroscopy of atoms in coherent states is of particular interest for precision spectroscopy, which has come close to the SQL [7, 26] .
To demonstrate the use of entangled states for spectroscopy, we prepare an initial state of two ions of the form jC R ͘ Х ͑j#"͘ 1 j"#͒͘͞ p 2. The Ramsey experiment was performed on j#͘ $ j"͘ transitions using stimulated Raman excitation with v͞2p detuned by about 10 kHz from v 0 ͞2p Х 1.25 GHz. We varied the time T between the two Ramsey pulses to change the phase difference z ͑v 2 v 0 ͒T for the experiments; that is, we determine v 2 v 0 by varying T and measuringP. In Fig. 4 the maximal gain in precision is a factor of 1.14͑1͒ [j R 0.88͑1͒], compared to an idealized Ramsey experiment using two ions in a coherent state where preparation and detection are perfect.
In summary, we have demonstrated a fundamental increase in sensitivity of rotation angle measurement benefiting from entanglement. The reported measurements include all sources of noise (no noise subtraction) FIG. 4 . Uncertainty in frequency determination in a Ramsey experiment using the input state jC R ͘ ͑j#"͘ 1 j"#͒͘͞ p 2. We vary the time T between the Ramsey pulses for fixed frequency detuning jv 2 v 0 j͞2p Х 10 kHz. We performed 10 000 experiments (experiment duration Ӎ1 ms) per data point. The dotted line represents the SQL for two ions in a coherent spin state [7] . The dashed line marks the Heisenberg limit. and demonstrate a sensitivity better than that which can be obtained without entanglement under ideal conditions. The most important limitation of our experiments is the imperfection of initial state preparation induced by heating of the ions to higher motional states [15] , which reduces the degree of entanglement. Maintaining the ions close to their motional ground state should significantly reduce these effects [17] . In an application to a Ramsey spectroscopy experiment, we achieved an increased precision in frequency measurement compared to an idealized experiment using unentangled particles. This may be of significance for the construction of more precise atomic clocks.
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Note in proof.-Since our submission, numbersqueezed atomic states have been reported [27] . Such states are analogous to the jJ 1, m J 0͘ state of our experiment [3] [4] [5] and are an important step toward sub-shot-noise atom interferometry [12] .
